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Brouwerian logic KTB

Axioms CL and

K =0 — q) — (Up — Ug)
T =Up—p
B =p—0O0p

and rules: (MP), (Sub) i (RQG).



Definition 1. A logic L is Kripke complete, if there is a
class C of Kripke frames, such that:

1. for every formula ¢ € L and any frame § € C we have

S =Y.

2. for every formula ¢ € L, there is a Kripke frame & € C
such that & = .



Kripke frames for KTB
Saul Kripke, Semantical analysis of modal logic , 1963:

S5 = (W, R) where W -nonempty set and R - reflexive and
symmetric relation on W.



Extensions of KTB
Ivo Thomas defined in 1964:

Thn = KTB @ (4,,), where
(4n) O"p — Oty

(trann) Vgy (if zR" Ty then zR™y)

KTB C ... CTn_|_1 CcCThC..CTyCTy=S5.



PROBLEM 1

Miyazaki [1] constructed one Kripke incomplete logic in
NEXT(Ts) and continuum Kripke incomplete logics in
NEXT(Ts).

Question: Is there a continuum of Kripke incomplete log-
ics in NEXT(Ty)7?

[1] Y. Miyazaki, Kripke incomplete logics containing KTB,
Studia Logica, 85, (2007), 311-326.

[2] Z. Kostrzycka, On the existence of a continuum of log-
ics in NEXT(KTB @ O0%p — [3p), Bulletin of the Section
of Logic, Vol.36/1, (2007), 1-7.



A sequence of non-equivalent formulas

Denote « := p A =OUp.

Definition 2.
A1 = —p AU«
Ay i=—pA-A1 NOAq
Az = a ANQOA> AN QA
For n > 2:
Aoy = pAQAg_1 AN Ay o
Aopt1 = aANQA A=Ay _q

Theorem 3. The formulas {A;}, i« > 1 are non-equivalent
in the logic Ts.



y1 = A1 yo= A y3E A3 yaEAs ys = As ys = Ae
Y1IE-p yoFEP Yy3EP wvaE-"D yYsEDpP ysl=-w

Q

P O

To = p
1 =p v =Up

For any ¢« > 1 and for any x € W the following holds:

x=A; Iff ==y,



Wheel frames

4 3

A diagram of the g
Theorem 4. 925,, is reducible to 20, iff m is divisible by n,
forn>5.



Let:

6 = =UOpAOUp
v = BAQAL A—=OQAS
e = BA-0AL A-OA
C, = O°[4,_1 — OA;], for k> 2
Dy = DO%[(Ag A =0Apy1) — Oel,
E = O%(p— Ov)
k—1

Gr = (OpA N\ C;ADp_1 AE) — 02 A
=2



Lemma 5. Let £ > 5 and k- odd number.

W, = Gy iff i is divisible by k + 2.

Prim ={n €w: n+42is prime, n > 5}, X C Prim,

Lx :=To®{G} : k € X}-uncountable family in NEXT(T5)



Kripke incomplete extensions of Ly
Modification of Miyazaki's constructions.

Exclusive formulas:

Fy = p« A—po A —p1 A —p2 ATp3 A Tpg
Fyx = —psx A pg A —p1 A —p2 A p3 A —pg
Fo = —p« Apg A —p1 A —p2 Ap3 A pg
Fy1 = —p« A—-po Ap1 A —p2 Ap3 A —pg
Fo = —p« A—-pg A —p1 Ap2 A p3 A —pg

F3 = —p« A—=pg A —p1 A—po Ap3 A —pa
: P« A 7po A 7p1 A po2 A p3 A P4

o
|



QR = {F1ANOF« AO(Fysx AN OQOFy) ANO(Fog A —OQOF3 N —QF,) A
ANO(Fo NO(F3 A QFg) N—=QFg AN —QF4) AN Q0F3 AN ~QF4} —
— {O(Fx ANOFg AN O(Fo AN O(Fux NOF3 ANQFR)) NOF3 AN OFy)},



The role of the formula @Q:

? F>|<>|<







Rn = {Fa AO(FgA—OF> A—=OF3 A =OFa A [-07"1 A O (Fy A
ANO(Fo AN Q(F3 A O(F4 A O(Frx NOF1 AOF> A OF3)))))
AO(FL A =OF3 A =OF3) ANOFs A OF3 A OF4 A =02 (Fg A OFkx)
— O{F4 A O([~OLT3 A OPTHFy A OFs A OFi)},

where

0% = 1p,

Oty := O(=Fyx A = Fyx A1),
Ofeh i = O(=Fx A = Fix A QR 14)
and

[0 L A O™ 1= 0P Ly A O



F
* 3k

Q24
=
(-
F
ORVAN
~F
%k 3k /\
O(
~F
RVAN
—F
%k 3k /\
Y)
)



The role of the formula R;:




F



The role of the formula R»:







Definition 6. L, . =Ty ®{G}, k€ X} ®Q® {Rn :n> 1}

Theorem 7. For each X the logic L’X is Kripke incomplete.

Theorem 8. The family of logics L'y is an uncountable
family of Kripke incomplete logics in NEXT(T15).

[3] Kostrzycka Z., On non-compact logics in NEXT(KTB),
Math. Log. Quart. 54, No. 6, (2008), 582-5809.



PROBLEM 2: Is there a finitely axiomatizable extension
of T9 which is Kripke incomplete?



Axioms for Ly

F., Fo, F1, Fo, F3, Fy, Fy - exclusive formulas:

Q/ — {Fl A OFx A <>(Fo N —QF> N =QF3 A —I<>F4) VAN
ANO(F2 AN O(E3 A Q(Fa A OF5)) A =OFs AN =OF5) A =OF3}
— Q(F* ANOQOFog NOQOF> NOF3 AN QF4 N <>F5)



The role of Q':







K = {F5s ANO[F4ANO(F3ANOQ(F2 ANO(F1L A OFp)))] N OFx

5 5
A /\ DQ(FZ- — Op) A2 ((p/\F*) — /\ QFZ-) A
i=0 i=0

5
A2 (F* YAY, Fz) ADP[O(Fs V (Fx Ap)) — O(Fs A OF)] A
i=0

4
A N\ O?O(F; V (F Ap)) — O(F; A OF; 1)1} — OFo
i=0



The role of K:




F



3

P = {rA N(AABAC)} — 0Xr AO@ — (g1 Vg2 Va3))},
i=1
where
A; = O0%(¢;—r), B;j:=0%0r — Og), for i=1,23
C1 = O%-(gaAq3), Co:=0%(q1 Ag3), Cz:=0%=(q1Aqo).

Theorem 9. The logic Ly = To @ K ® Q' @ P is Kripke
incomplete.

[4] Kostrzycka Z., On a finitely axiomatizable Kripke in-
complete logic containing K'TB, Journal of Logic and Com-
putation.



Proof

We find a formula v such that ¢ & L
and

for any Kripke frame § the following implication holds:

if § &= L«, then § = 4.



Formuta o

Hy = —sg A =81 A 289 A 283 A 84,

Hgy = U=sg A —s1 A sp A s3 A sg,

Hq .= —sg ANl—=s1 A —sp A s3 A sa,
Ho = sg A —s1 A l=sp A =83 A 84,
H3 = sg A s1 A —so A Ll—s3 A —sg,

Hp = sg A sy N\ s> A —s3 All—sg,

5
y

= S AN S1 A\ 82 A 83 A\ 184,

Y = —~{Hs ANO[Ha NO(H3NO(Hx ANO(H1 AOHg A OHx)))]}-



Suppose that there is a Kripke frame § such that § = L«
and § & 1.

Then the structure § consists of at least seven different
points xz«, xg, 1, %2, %3, 4,25 SUCh that: z1Rxs, and z;Rx;
iff |Z —j| <1foriy=0,..,41x4Rxs.



5 T4 T3

L2 L1

[0

L0

We define a valuation for the variables pq, ..., ps5, p«:

V(pz) = {a:z} for :=20,...,5,

That gives us:

V(F;) = {z;} for i=0,...,5,

and V(ps) = {z4}.

and V(Fy) = {z«}.



r5 =F5 xaE=Fyp xz3F=F3 20 Fo ] = F1 2o = Fo

G © © © © O

The formula Q' has to be true under that valuation, hence
it must hold: z«Rz;, for 7 =0,2,3,4,5.



Let us consider a new valuation defined on the obtained
frame:

Ty« = px, x;F=p; TFfor ¢i=0,1,2,3,4,5



For such valuation we obtain:
x« = Fx Ap iff = x4
x = Fp iff = xq
x=Fys iff z=uzx5

T4 3 o 1




3
P = {rAa /\ (A AB; AC)Y — 02 {r AO(r — (g1 Vg2 V g3))},

=1
where
A; = O0%(¢; —r), B;j:=0%0r — Og), for i=1,23
C1 = OD%-(gaAq3), Co:=0%(q1 Ag3), Csz:=0%=(q1Aqo).

Formula P is false with the following valuation:
Vi(r) = {zx, x0, ..., v5}, Vilq1) = {z1,74}, Vi(q2) = {2, 25}

Vi(q3) = {z«}.



r5s F=q2 TalFEqQ T3 To = g2 T Fq1 0

Q

Tx = g3

We take z3. It holds: x3 &= r and x3 &= A; A B; A C; for
i = 1,2,3. However z3,, &= q1 Vg2 Vg3 for n = 0,1, and
then z3 = 02 {r AO(r — (g1 V g2 V g3))}.

Hence: x3 = P.



We use a general frame to show that ¢ &€ L.
Define:

& = (W, R, T) where:

W
R

{zs} U{x;,1 € Z},

{(xx,x;) for eachi € Z,} U

U{ (s, z;) iff|i — 5] <1, foranyi,j € Z},
T = {X CW:Xis finite or W\ X is finite}.



3

Sk=PQ, K.

Define a valuation:

V(so) ={z2,23,24}, V(s1) ={73,24,75}, V(s2) = {x0, 24,75},
V(s3) ={zg,x1,7z5}, V(sa) = {zg,z1, 72}



Then for

Y = —{Hs ANO[Ha NO(H3NOQ(Hoy ANO(H1 ANOHg A OHx)))]}-

we obtain & &= .



THANK YOU



