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Brouwerian logic KTB

Axioms CL and

K =0 — q) — (Up — Ug)
T =Up—p
B =p—0O0p

and rules: (MP), (Sub) i (RG).



Kripke frames for KTB
Definition 1. By a Kripke frame we mean a pair§ = (W, R)
where W -nonempty set and R relation on W.

In the case of the logic KTB, R is reflexive and symmetric.

Elements of W are called points and the relation R is an
accessibility relation: xRy means: ‘y is accessible from x’.

Valuation § is a function V : Var — W and can be extended
to homomorphism.



Then we define for each = € W

T =7p iff  z € V(p)
rE=aAp iff zFa I xS
rl=aV iff xxF=a or xE/B
r=a—f0 ifF rEa OFr xzI=0
T = -« iff =«
z = Ua iff forany y e W if zRy then y =«

A formula « is a tautology of the logic KTB, if it is true
in every reflexive and symmetric Kripke model.



Extensions of KTB

n = KTB® (4,), where
(4n) O — Oty

(tranp) Vaq (if cR"T1y then zR™y)

where the relation R™ is the n-step accessibility relation
defined below:

tRO% iff 1=y
Ry iff 3, (xR™z A zRy)



KTB C ...CTn_|_1 C Ty C ...CTZCT1=S5.

Definition 2. A logic L is Kripke complete, if there is a
class C of Kripke frames, such that:

1. for every formula ¢ € L and any frame § € C we have

§ =

2. for every formula ¢ ¢ L, there is a Kripke frame & € C
such that & = .

Fact 3. The logics Ty are Kripke complete.



Problem

Miyazaki in [1] defined one Kripke incomplete logic in
NEXT(Ts) and a continuum of Kripke incomplete logics
in NEXT(Ts).

Kostrzycka in [2] defined a continuum Kripke incomplete
logics in NEXT(T5).

[1] Y. Miyazaki, Kripke incomplete logics containing KTB,
Studia Logica 85, (2007), 311-326.

[2] Kostrzycka Z, On non compact logicsin NEXT(KTB).
Mathematical Logic Quarterly 54, no. 6, (2008), 617-
624 .



Question: Is there a KTB - logic which is Kripke incom-
plete and finitely axiomatizable?



The aim

To define a logic L« and a formula ¢ such that ¢ € L
and

for any Kripke frame § the following implication holds:

if 3= Ly, then § = v.



Axioms for Ly

Exclusive formulas:

P+« A —po A —p1 A mp2 A —p3 A pa A —ps,
—px Apo N —p1 A p2 A Tp3 A mpa A Tps,
—px A po A p1 A p2 A —p3 A pa A —ps,
—px A po A —p1 Ap2 A —p3 A Tpa A —ps,
—p« N\ 7po A p1 A —p2 Ap3 A mpa A Tps,
—px A po A —p1 A p2 A mp3 A pa A —ps,
—px A 2po A —p1 A mp2 A mp3 A Tpa A ps,



Q = {Fl ANOFy A <>(FO AN —QF> N =QF3 A —OF4) A
ANO(Fo N Q(F3 AN Q(Fqa ANOF5)) N QF4 N —QFs) AN -OF3}
— Q(Fx« NOFg N OFo AOF3 AN OF4 N\ OF5).



The role of Q:







G = {Fs AQ[FaNOF3NQ(F2ANO(F1 AOED)))] A OFx

5 5
/\(/\ Fi—>Dp) A 2 ((p/\F*)—> /\ QFZ) A

1=0 1=0

5
A2 (F* VAY, Fz) ACP[O(Fs V (Fx Ap)) — O(Fs A OF)] A
i=0

4
A N\ O?[O(F; Vv (Fx Ap)) — O(F; AOF;11)]} — OFp
i=0



The role of G:




F



3

P = {rA N(AABAC)} — 0*rAO@ — (g1 Va2 Vaz))},
1=1
where

A; = O0%(g—r), Bi:=0%0r—0g), for i=1,2,3
C1 1°=(go A q3), Co:=0°-(q1 Ag3), Cz:=0%=(q1 A qo).

Definition 4. L, =Ty &G 3 Q@ P.



Formuta o

Hy = —sg A =81 A 289 A =83 A 84,

Hgy = U=sg A —s1 A sp A s3 A sg,

Hq .= —sg ANl—=s1 A —sp A s3 A sa,
Ho = sg A —s1 A l=so A =83 A 84,
H3 = sg A s1 A —so A Ll—s3 A —sg,

Hp = sg A sy N\ —s> A —s3 All—sg,

5
y

= s AN S1 A\ 82 A 83 A\ 184,

Y = —~{Hs ANO[Ha NO(H3NO(H ANO(H1 AOHg A OHx)))]}-



Lemma 5. For every Kripke frame § it holds:
if § = L«, then § = ¢ .

Proof: Suppose that there is a Kripke frame § such that

Then the structure § consists of at least seven different
points x«, xqg,x1,x2,x3,T4,x5 SUCh that: xRz« and z;Rx;
iff [ —j| <1 fori,5=0,....,4 i z4Rzs.



5 T4 T3

L2 L1

(0]

L0

We define a valuation for the variables po, ..., p5, px:

V(pz) = {a:z} for ¢ = O, ceey 5,

That gives us:

V(F) = {z;} for i=0,...,5,

and V(px) = {x«}.



r5 =F5 wxaE=Fyp xz3F=F3 a0 Fo ] = F1 20 = Fo

G © © © © O

The formula @ has to be true under that valuation, hence
it must hold: z«Rz;, for j =0,2,3,4,5.



Let us consider a new valuation defined on the obtained
frame:

:E* |:p*7 aj'lz |:p'l,7 for ?::(:)7172737475

For any = such that x sees only the point z* we define:
x = px and x &= p.



In the other points we define: if zRy and y = p;, then

x = p for Kk % ¢ and ¢ = 0,1,...,5 and k = 1,....4.

such valuation we obtain:

x = Fy Iiff ===z
x = Fy iff = x5

For

The antecedent of the formula & is true at xzg; the conse-
quent of G has to be true at zg5 - hence z5Rxg. Then we

obtain:



T4

L3

L2

L1




3
P = {rAa /\ (A AB; AC)Y — 02 {r AO(r — (g1 Vg2 V 3))},

=1
where
A; = O0%(g —r), Bi:=0%0—0g), for i=1,2,3
C1 = O%-(gaAq3), Co:=0%(q1 Ag3), Csz:=0%=(q1Aqo).

Formula P is false with the following valuation:
Vi(r) = {zx, x0, .., v5}, Vilq1) = {z1,7z4}, Vi(q2) = {2, 25}

Vi(q3) = {z«}.



r5s F=q2 TalFEqQ1 T3 To = g2 T q1 0

Qo

Tx = g3

We take z3. It holds: x3 &= r and x3 &= A; A B; A C; for
i = 1,2,3. However z3,, &= q1 Vg2 Vg3 for n = 0,1, and
then z3 = 02{r AO(r — (g1 V g2 V g3))}.

Hence: x3 = P.



Lemma 6. ¢y & L.

Proof. We use a general frame. General frames are rela-
tional counterparts of modal algebras. Define:

& = (W,R,T) where:

{xs} U {x;,7 € Z},

{(zx,x; for eachi € Z} U

U{(z;, ;) iff |i — 5] < 1; for anyi,j € Z},
T = {X CW:Xis finite or W\ X is finite}.

%4
R
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S =PQ,G.

Define a valuation:

V(so) =A{z2, 23,24}, V(s1) ={w3,24,75}, V(s2) = {x0, 24,75},
V(s3) ={z0,x1,7z5}, V(sa) = {zg,z1, 72}



Then for

= —{Hs ANO[Ha NO(H3NOQ(Hoy ANO(H1 ANOHg A OHx)))]}-

we obtain & &= .



Theorem 7. The logic Ly = To® GP Q B P is Kripke
incomplete.

[3] Kostrzycka Z., On a finitely axiomatizable Kripke in-
complete logic containing KTB, accepted at Journal of
Logic and Computation.



